Abstract. In this paper we provide a criterion for the quasi-autonomous Hamiltonian path ("Hofer's geodesic") on arbitrary closed symplectic manifolds (M, ω) to be length minimizing in its homotopy class in terms of the spectral invariants ρ(G; 1) that the author has recently constructed. As an application, we prove that any autonomous Hamiltonian path on arbitrary closed symplectic manifolds is length minimizing in its homotopy class with fixed ends, as long as it has a maximum and a minimum point which are not over-twisted and has no contractible periodic orbits of period one. When (M, ω) is symplectically aspherical, the same result holds among all paths. This result is optimal for the autonomous Hamiltonian path.
§1. Introduction
In [H1] , Hofer introduced an invariant pseudo-norm on the group Ham(M, ω) of compactly supported Hamiltonian diffeomorphisms of the symplectic manifold (M, ω) by putting φ = inf
where H → φ means that φ = φ 1 H is the time-one map of Hamilton's equatioṅ
and H is the function defined by
Key words and phrases. Hofer's metric, Hamiltonian diffeomorphism, quasi-autonomous Hamiltonians, spectral invariants, the Kerman-Lalonde cycle. 1 Partially supported by the NSF Grant # DMS-0203593, Vilas Research Award of University of Wisconsin and by a grant of the Korean Young Scientist Prize Typeset by A M S-T E X 1 which is the Finsler length of the path t → φ t H . He [H2] also proved that the path of any autonomous Hamiltonian on C n is length minimizing as long as the corresponding Hamilton's equation has no non-constant periodic orbit of period one. This result has been generalized in [En] , [MS] and [Oh3] in its increasing generality but under the stronger hypothesis that it has no non-constant contractible periodic orbit of period less than one and the linearized flow at each fixed point is not overtwisted i.e., has no closed trajectory of period less than one. The following result is a special case of [Theorem I, Oh3] restricted to the autonomous Hamiltonians.
Theorem I [Theorem I, Oh3] (Compare with [En] , [MS] ). Suppose that G is an autonomous Hamiltonian such that (1) it has no non-constant contractible periodic orbits of period less than one, (2) it has a fixed minimum and a fixed maximum which are not over-twisted.
Then the one parameter group φ t G is length minimizing in its homotopy class with fixed ends for 0 ≤ t ≤ 1.
We call two Hamiltonians G and F are called equivalent if there exists a family {F s } 0≤s≤1 such that φ We now recall Lalonde-McDuff's necessary condition on the stability of geodesics. In [Corollary 4.11, LM] , Lalonde-McDuff proved that for a generic φ in the sense that all its fixed points are isolated, any stable geodesic φ t , 0 ≤ t ≤ 1 from the identity to φ must have at least two fixed points at which the linearized isotopy has no non-constant closed trajectory in time less than 1 in the sense of Definition 1.2 below. Definition 1.2. Let H : M × [0, 1] → R be a Hamiltonian which is not necessarily time-periodic and φ t H be its Hamiltonian flow.
has a closed trajectory of period less than T . Otherwise we call it under-twisted.
The following is the main result of the present paper, which improves Theorem I by replacing "of period less than one" by "of period one".
Theorem II. Suppose that G is an autonomous Hamiltonian such that (i) it has no non-constant contractible periodic orbits of period one,
(ii) it has a fixed minimum and a fixed maximum which are not over-twisted. Then the one parameter group φ t G is length minimizing in its homotopy class with fixed ends for 0 ≤ t ≤ 1.
From now on, we will always assume, unless otherwise said, that the Hamiltonian functions are normalized so that
When we need to use a Hamiltonian which is not normalized, we will explicitly mention it.
Theorem II is an analogue of the result [H2] proven for compactly supported autonomous Hamiltonians on C n to the general closed case, and is an optimal result for autonomous Hamiltonians. Our proof of Theorem II will be based on the chain level Floer theory developed in [Oh3, 5] and on the spectral invariants constructed in [Oh5] .
Recently, Kerman and Lalonde [KL] studied the same question on the symplectically aspherical manifolds i.e., ones with ω| π2(M) = c 1 | π2(M) = 0, following the scheme used by the author in [Oh3] , and proved the same result for quasiautonomous Hamiltonian paths, under the condition
where Spec H is the action spectrum of H. (The slight difference of statements here from [KL] appears due to the different convention they used in [KL] for the definition of the action functional. See §2 more about the remark on the conventions.) One crucial addition of [KL] − min H dt. This enabled them to replace the phrase "of period less than one" by "period one". We will generalize their construction to the setting [Oh3, 5] of (semi-infinite) Novikov cycles. We call this cycle Kerman-Lalonde's cycle (see [Proposition 5.2, KL] or §5 for details). The proof of Theorem II then essentially follows from that of Proposition 7.11 [Oh3] if one uses the Kerman-Lalonde cycle instead of the one used by the author in [Oh3] which is obtained by transferring the Morse fundamental cycle over the adiabatic homotopy. We incorporate this different choice of cycles in the proof and give a new much simpler and clearer proof using the spectral invariant ρ(H; 1) that was constructed in [Oh5] which appeared a year after [Oh3] . In this respect, we will prove a simple criterion for the length minimizing property of general quasiautonomous Hamiltonian paths in terms of ρ(·, 1). This criterion was implicitly used in [Oh3] , [KL] without referring to the spectral invariant (see [Proposition 5.3, Oh3] ).
To describe this criterion, we rewrite
where E ± are the positive and negative parts of the Hofer norms defined by
These are called the negative Hofer-length and the positive Hofer-length of H respectively. We will consider them separately as usual by now. First note
where H is the Hamiltonian generating (φ
Therefore we will focus only on the semi-norm E − .
Then G is negative Hofer-length minimizing in its homotopy class with fixed ends.
The proof will be based on the general property of ρ(·; 1) that were proved in [Oh5] which we will recall in §2. With this criterion in mind, Theorem II will follow from the homological essentialness of the two critical values of
for autonomous Hamiltonian paths of the type as in Theorem II.
Theorem IV. Let G be as in Theorem II. Then (1.4) holds, i.e., we have
In particular the critical value E − (G) is homologically essential in the Floer theoretic sense. The same holds for G.
The proof of this fact is implicit in the proof of Proposition 7.11 (Non-pushing down lemma II) [Oh3] . We will clarify the role of spectral invariant ρ(G; 1) here in its proof.
Finally we restrict to the aspherical case. In this case, construction of ρ was already carried out by the author [Oh1, 2] in the context of Lagrangian submanifolds and by Schwarz [Sc] for the case of Hamiltonian diffeomorphisms. Schwarz [Sc] also proved ρ(F ; 1) = ρ(G; 1) (1.5)
irrespective of F ∼ G as long as φ Lalonde and Kerman [KL] proved the same result under the hypothesis
Theorem V proves that this latter hypothesis is unnecessary for the autonomous Hamiltonians.
We would like to compare the scheme [Oh3] (see also [KL] ) and the scheme used in the present paper. Both schemes are based on the mini-max theory via the chain level Floer theory. However while we explicitly use the chain level Floer theory, more specifically use sophisticated moving-around of the Floer semi-infinite cycles via delicate choice of homotopies in [Oh3] , these are mostly hidden in the present paper. This is because we have written the paper [Oh5] after [Oh3] which provides construction of spectral invariants whose general properties already reflect this chain level Floer theory. Furthermore by doing so, we have effectively eliminated the nuisance of always going to "generic" Hamiltonians for which the Floer complex can be defined, and greatly simplified and clarified the schemes that we use in [Oh3] . One should note that statements of the above theorems do not explicitly involve the Floer theory at all. But it is implicit and subsumed in the definition of the spectral invariant ρ(·; 1) in [Oh5] . This may open up a possibility of suppressing a large part of analytic arguments of the Floer theory in its application to the study of Hofer's geodesics or more generally of the Hamiltonian diffeomorphism group. We will investigate further applications of spectral invariants to other problems related to the Hamiltonian diffeomorphism group elsewhere. §2. Preliminaries
Let Ω 0 (M ) be the set of contractible loops and Ω 0 (M ) be its standard covering space in the Floer theory. Note that the universal covering space of Ω 0 (M ) can be described as the set of equivalence classes of the pair (γ, w) where γ ∈ Ω 0 (M ) and w is a map from the unit disc D = D 2 to M such that w| ∂D = γ: the equivalence relation to be used is that [w#w ′ ] is zero in π 2 (M ). We say that (γ, w) is Γ-equivalent to (γ, w ′ ) iff
where w is the map with opposite orientation on the domain and w ′ #w is the obvious glued sphere. And c 1 denotes the first Chern class of (M, ω). We denote by [γ, w] the Γ-equivalence class of (γ, w) and by π :
Two Γ-equivalent pairs (γ, w) and (γ, w ′ ) have the same action and so the action is well-defined on Ω 0 (M ). When a periodic Hamiltonian H : M × (R/Z) → R is given, we consider the functional A H : Ω(M ) → R by
We would like to note that under this convention the maximum and minimum are reversed when we compare the action functional A G and the (quasi-autonomous) Hamiltonian G. One should compare our convention with those used in [Po] or [KL] where they use the action functional defined by
Together with their change of the sign in the Hamilton's equatioṅ
the difference between the two conventions will be cancelled away if one makes the substitution of the Hamiltonian
We denote by Per(H) the set of periodic orbits of X H .
Definition 2.1 [Action Spectrum]. We define the action spectrum of H, denoted as Spec(H) ⊂ R, by
i.e., the set of critical values of
Note that Spec(H; z) is a principal homogeneous space modelled by the period group of (M, ω)
Recall that Γ ω is either a discrete or a countable dense subset of R. The following lemma was proved in [Oh3] . For given φ ∈ Ham(M, ω), we denote by H → φ if φ 1 H = φ, and denote
We say that two Hamiltonians H and K are equivalent if they are connected by one parameter family of Hamiltonians {F s } 0≤s≤1 such that F s → φ i.e., Let F, G → φ and denote
Note that h = {h t } defines a loop based at the identity. Suppose F ∼ G so there exists a family {F s } 0≤s≤1 ⊂ H(φ) with F 1 = F and F 0 = G and satisfying (2.3). In particular h defines a contractible loop. If we denote f s t = φ t F s , this family provides a natural contraction of the loop h to the identity through
which in turn provides a natural lifting of the action of the loop h on Ω 0 (M ) to Ω 0 (M ) which we define
where hw is the natural map from D 2 obtained from identifying h :
The following is proved in [Oh4] (see [Sc] for the symplectically aspherical case where the action functional is single-valued. In this case Schwarz [Sc] proved that the normalization works on Ham(M, ω) not just on Ham(M, ω) as long as F, G → φ, without assuming F ∼ G).
is constant. In particular, we have
as a subset of R.
§3. Chain level Floer theory and spectral invariants
In this section, we will briefly recall the basic chain level operators in the Floer theory, and the definition and basic properties of ρ(·, 1) from [Oh5] .
For each given generic time-periodic H : M × S 1 → R, we consider the free Q vector space over
(3.1)
To be able to define the Floer boundary operator correctly, we need to complete this vector space downward with respect to the real filtration provided by the action A H ([z, w]) of the element [z, w] of (3.1). More precisely, we introduce Definition 3.1.
(1) We call the formal sum
a Novikov chain if there are only finitely many non-zero terms in the expression (3.2) above any given level of the action. We denote by CF (H) the set of Novikov chains.
(2) Let β be a Novikov chain in CF (H). We define and denote the level of the chain β by λ H (β) = max
if β = 0, and just put λ H (0) = +∞ as usual. (3) We say that [z, w] is a generator of or contributes to β and denote
Let J = {J t } 0≤t≤1 be a periodic family of compatible almost complex structures on (M, ω).
For each given such pair (J, H), we define the boundary operator
considering the perturbed Cauchy-Riemann equation
This equation, when lifted to Ω 0 (M ), defines nothing but the negative gradient flow of A H with respect to the L 2 -metric on Ω 0 (M ) induced by the metrics g Jt := ω(·, J t · 
∂ has degree −1 and satisfies ∂ • ∂ = 0. When we are given a family (j, H) with H = {H s } 0≤s≤1 and j = {J s } 0≤s≤1 , the chain homomorphism
is defined by the non-autonomous equation
where ρ i , i = 1, 2 is functions of the type ρ :
for some R > 0. h (j,H) has degree 0 and satisfies
Finally, when we are given a homotopy (j, H) of homotopies with j = {j κ }, H = {H κ }, consideration of the parameterized version of (3.5) for 0 ≤ κ ≤ 1 defines the chain homotopy map
which has degree +1 and satisfies
Although we will not use this operator explicitly in the present paper, we have recalled them just for completeness' sake.
The following lemma has played a fundamental role in [Ch] , 5] and by now become well-known and can be proven by a straightforward calculation (see e.g., [Proposition 3.2, Oh3] for its proof). 
Lemma 3.2 Let H, K be any Hamiltonian not necessarily non-degenerate and

6). Then we have the identity
Now we recall the definition and some basic properties of spectral invariant ρ(H; a) from [Oh5] . We refer readers to [Oh5] for the complete discussion on general ρ(H; a).
Definition & Theorem 3.3 [Oh5] . For any given quantum cohomology class 0 = a ∈ QH * (M ), we have a continuous function denoted by
for all a ∈ QH * (M ). Let φ, ψ ∈ Ham(M, ω) and a = 0 ∈ QH * (M ). We define the map ρ :
Now we focus on the invariant ρ( φ; 1) for 1 ∈ QH * (M ). We first recall the following quantities Oh5] . We have
In particular, we have
for any Hamiltonian H.
Now the following theorem (Theorem III) is an immediate consequence of Theorem 3.3 and Proposition 3.4.
Proof. Let F be any Hamiltonian with F ∼ G. Then we have a string of equalities and inequality
from (3.13), (3.8) for a = 1, (3.12) respectively. This finishes the proof. §4.
Construction of fundamental Novikov cycles
In this section and the next, we will prove the following result (Theorem IV). This in particular proves homologically essentialness of the critical value
Theorem 4.1. Suppose that G is an autonomous Hamiltonian such that (1) it has no non-constant contractible periodic orbits of period one, (2) it has a minimum and a maximum which are not over-twisted.
Then we have
The proof will use the chain level Floer theory as in [Oh3] . However the statement of Theorem 4.1 does not require G to be generic. To apply the Floer theory, we will approximate G by a generic Morse function G ′ . Then G ′ itself will satisfy the hypotheses (1), (2). We will prove Theorem 4.1 for such generic autonomous Hamiltonians first and then apply the C 0 continuity of ρ(·; 1) and E − (·) to derive Theorem 4.1 for the given G. From now on, we will assume that G is generic in this sense.
For the proof of Theorem 4.1, we need to unravel the definition of ρ(G; 1) from [Oh5] in general for arbitrary Hamiltonians G. First for generic (one periodic) Hamiltonians G, we consider the Floer homology class dual to the quantum cohomology class 1 ∈ H * (M ) ⊂ QH * (M ), which we denote by 1 ♭ following the notation of [Oh5] and call the semi-infinite fundamental class of M . Then according to [Definition 5.2, Oh5] and [Theorem 5.5, Oh5], we have
Then ρ is extended to arbitrary Hamiltonians by continuity in C 0 -topology. Therefore to prove (4.1), we need to construct cycles γ with [γ] = 1 ♭ whose level λ G (γ) become arbitrarily close to E − (G). In fact, this was one of the most crucial observations exploited in [Oh3] , without being phrased in terms of the invariant ρ(G; 1) because at the time of writing of [Oh3] construction of spectral invariants in the level of [Oh5] was not carried out yet.
Instead this point was expressed in terms of the existence theorem of certain Floer's continuity equation over the linear homotopy (see [Proposition 5.3, Oh3] ). Then the author proved the existence result by proving homological essentialness of the critical value
The proof relies on a construction of 'effective' fundamental Novikov cycles dual to the quantum cohomology class 1. In [Oh3] , we transferred the Morse fundamental cycle of ǫk
to a Novikov cycle of G over a adiabatic homotopy along a piecewise linear path
where w p : D 2 → M denote the constant disc w p ≡ p, and proved the following two facts (see Proposition 7.11 [Oh3] ):
(1) the transferred cycle has the level E − (G) and (2) the cycle cannot be pushed further down under the Cauchy-Riemann flow under the hypotheses as in Theorem I [Oh3] stated in the introduction, not just for autonomous but for general quasi-autonomous Hamiltonians.
Recently Kerman and Lalonde [KL] use a different homotopy in the above transferring of the Morse cycle and construct another fundamental cycle in the symplectically aspherical case. It turns out that their construction of fundamental cycle can be also generalized to arbitrary compact symplectic manifolds which is useful for the purpose of studying length minimizing property of quasi-Hamiltonian path under the hypothesis as in Theorem II. We recall their construction in our setting of Novikov cycles in general. Kerman-Lalonde's construction is based on the following simple fact (see the proof of [Proposition 5.2, KL] ). Again we would like to call reader's attention on the signs due to the different convention we are using from [KL] . 
for all (t, x) and equality holds only at x − .
Considering Floer's homotopy map h L over the linear path 
where x j ∈ Crit 2n (−f ) with
for all x j 's. We then define
We call this particular cycle the Kerman-Lalonde cycle. The following is the crucial property of this cycle whose proof is essentially the same as that of [Proposition 5.2, KL] . Partly for the reader's convenience and since [KL] only deals with the aspherical case and our setting is slightly different from [KL] , we give a proof of it here adapting the proof of [Proposition 5.2,KL] to our setting of Novikov cycles. 
for some Novikov chain β ∈ CF (H) with the inequality
with equality holding only when u is stationary. There are two cases to consider, one for the case of x = x − and the other for x = x j for x j = x − for [x j , w xj ] ∈ α. For the first case, since we assume [z, w] = [x − , w x − ], u cannot be constant and so the strict inequality holds in (4.15), i.e,
For the second case, we have the inequality
for some x j = x − with [x j , w xj ] ∈ α. Then (4.7) and (4.17) again give rise to (4.16). Altogether, we have proved Let u be a trajectory starting at [x, w] and its stable map compactification have a locally free S 1 -action without fixed points. Therefore after a S 1 -invariant perturbation Ξ via considering the quotient Kuranishi structure [FOn] on the quotient space M (J0,G) ([x, w] , [x − , w x − ])/S 1 , the corresponding perturbed moduli space M (J0,G) ([x, w] , [x − , w x − ]; Ξ) becomes empty for a S 1 -equivariant perturbation Ξ. This is because the quotient Kuranishi structure has the virtual dimension -1 by the assumption (5.3). We refer to [FHS] , [FOn] or [LT] for more explanation on this S 1 -invariant regularization process. Now consider the case c 1 ([w]) = 0. First note that (5.3) and (5.4) imply that x = x − . On the other hand, if x = x − , the same argument as above shows that the perturbed moduli space becomes empty.
It now follows that there is no trajectory of index 1 that land at [x − , w Finish-up of the proof of Theorem II. Let F ∼ G. Then we have a string of equalities and the inequality E − (G) = ρ(G; 1) = ρ(F ; 1) ≤ E − (F ) (5.6) each of which follows from (5.2), (3.8) for a = 1 and (3.12) respectively. Similar consideration for G using (1.4) then proves
Adding (5.6) and (5.7) then gives rise to the inequality G ≤ F which finishes the proof of Theorem II.
Finally we give the proof of Theorem V.
Proof of Theorem V. Suppose φ 1 F = φ 1 G . Again we have a string of equalities and the inequality E − (G) = ρ(G; 1) = ρ(F ; 1) ≤ E − (F ) this time by (5.2), (1.5) and (3.12) respectively. The rest of the proof is the same as Theorem II above.
